Abstract. By extending the notion of Arens regularity of bilinear mappings, we say that a bounded trilinear map on Banach spaces is Aron-Berner regular when all its six Aron-Berner extensions to the bidual spaces coincide. We give some results on the Aron-Berner regularity of certain trilinear maps. We then focus on the bidual, E * * , of a Jordan Banach triple system (E, π), and investigate those conditions under which E * * is itself a Jordan Banach triple system under each of the Aron-Berner extensions of the triple product π. We also compare these six triple products with those arising from certain ultrafilters based on the ultrapower formulation of the principle of local reflexivity. In particular, we examine the Aron-Berner triple products on the bidual of a JB * -triple in relation with the so-called Dineen's theorem. Some illuminating examples are included and some questions are also left undecided.
Introduction
The question whether the bidual space of a Jordan Banach triple system can be made into a Jordan Banach triple system remains as an intriguing problem in the general theory of Jordan Banach triple systems. In the realm of JB * -triples, in 1986, Dineen [15, 16] showed that the bidual, E * * , of a JB * -triple E is a JB * -triple itself. Dineen's method for extending the triple product of the original space to the bidual is based on the so-called principle of local reflexivity developed in ultrafilters theory [19] . The procedure induces an isometric embedding from E * * into a complemented subspace of a suitable ultrapower E U , from which the natural triple product is carried to E * * making the latter a JB * -triple. Later, by refining the ultrafilter U used in Dineen's proof, Barton and Timoney [6] showed that the ultrapower triple product also is separately w * -continuous.
One of our aims here is to equip the bidual of a general Jordan Banach triple system (E, π) with six triple products arising from the so-called Aron-Berner extensions of π. We then study the relationship between these six extensions with each others and also with those triple products arising from certain ultrapowers of E. For this purpose, we first focus on the six extensions of a general triple map and study their coincidence.
Let us give a short history on the different extensions of multilinear maps to the bidual spaces. The problem of extending multilinear mappings to certain superspaces of a given space was initiated in 1951 by Arens [1, 2] for bilinear operators. The most influential contribution is due to Aron and Berner, who settled in [3] the most outspread method for extending multilinear operators (see also [4] ). In 1989, Davie and Gamelin (see [14] ) studied the isometric nature of the Aron-Berner extensions in the case of the bidual. Different descriptions of the Aron-Berner extensions are gathered and discussed in the survey articles [8, 37] .
The results of this paper are organized in two sections. Section 2 is devoted to the study of different methods to produce extensions of a bounded trilinear map to the bidual spaces. Subsection 2.1 introduces these extensions and contains some preparatory materials. These extensions are inspired by Arens' method [2] , and they coincide with the extensions constructed by Aron and Berner for polynomials [3] . We say that a trilinear map is Aron-Berner regular when all its six extensions to the bidual spaces coincide. In Section 2.2, we investigate the Aron-Berner regularity of certain trilinear mappings on Banach spaces. First we prove our main result of this section (Theorem 2.6) containing some helpful equivalent conditions for the Aron-Berner regularity of a trilinear map. We subsequently apply this result to rediscover a theorem due to Bombal and Villanueva, providing sufficient conditions to guarantee the AronBerner regularity of some trilinear maps whose certain derived operators are weakly compact (see Theorem 2.9). We culminate this section by presenting the useful Corollary 2.11 that will be crucial for the next section.
In Section 3, we focus our attention on the biduals of (real or complex) Jordan Banach triple systems and JB * -triples. In subsection 3.1, we apply the method outlined in Section 2 to assign six extensions π 0 , π 1 , π 2 , π 3 , π 4 , and π 5 (termed Aron-Berner triple products) to the bidual, E * * , of a Jordan Banach triple system (E, π), and we study their properties in line with the following two questions:
• When is a Jordan Banach triple system (E, π) Aron-Berner regular?
• Is (E * * , π i ) (i = 0, . . . , 5) a Jordan Banach triple system? We examine the first question in Example 3.2 illustrating that a Jordan Banach triple system need not be generally Aron-Berner regular. However, the situation is different for a JB * -triple, as we rediscover in Corollary 3.1 that every JB * -triple is Aron-Berner regular. A partial answer is also provided by Proposition 3.12. The second question is also examined and answered in negative by the same Example 3.2. The main discrepancy arises form the fact that, for i ∈ {0, 1, . . . , 5}, the Aron-Berner extension π i on E * * is not, in general, symmetric in the outer variables, and this has some unpleasant consequences when dealing with the bidual. In Proposition 3.6, we investigate when an extension π i is symmetric in the outer variables, and then in Theorem 3.7 we show that (E * * , π 0 ) is a Jordan Banach triple system whenever π 0 (equivalently, π 2 ) is symmetric in the outer variables; although Example 3.8 shows that this is not the case for other extensions.
In the context of JB * -triple, however, we expect a more rich structure for the bidual E * * . In this regard, we bring Theorem 3.5 as a consequence of Dineen's theorem confirming that the bidual of a JB * -triple is a JBW * -triple under each Aron-Berner triple product. Finally in subsection 3.2, we do some comparisons between the Aron-Berner triple products and the ultrapower triple products and we also highlight some advantages of the Aron-Berner triple products. We conclude the paper with some unanswered questions in the final section.
Extensions of triple maps to the bidual spaces
Although the problem of extending bounded bilinear maps was originated by the pioneer works of Arens [1, 2] , the most successful method for multilinear maps is due to Aron and Berner [3] , who showed that such extensions always exist (see also Davie and Gamelin [14] and S 3 := {σ 0 := (), σ 1 := (23), σ 2 := (13), σ 3 := (12), σ 4 := (132), σ 5 := (123)} is the symmetric group of all permutations on the three elements set {1, 2, 3}, if we define
then f σ is a bounded trilinear map with the same norm of f and, it is easy to verify that
where by "w * -lim α σ(1) lim α σ(2) lim α σ(3) " we mean that all of the above limits are taken in the w * topology. The crucial property of f ⊛ described in (2) admits an appropriate reformulation for the extension f σ⊛σ −1 . To avoid ambiguity, it should be noted that, for a specific σ, each component of the triple (· σ(1) , · σ(2) , · σ(3) ) will jump in its right place. For example, (· σ 5 (1) , x Proposition 2.1. Let f : X 1 × X 2 × X 3 −→ Y be a bounded trilinear map. Then, for every σ ∈ S 3 , the map f σ⊛σ −1 is the unique extension of f to the bidual spaces with the property that, for every fixed x * * σ(2) ∈ X * * σ(2) , x * * σ(3) ∈ X * * σ(3) , x σ(1) ∈ X σ(1) , and x σ(2) ∈ X σ(2) , the maps 
To give a concrete example, take a normed space X and φ, ψ ∈ X * . Then the trilinear map
is Aron-Berner regular. Indeed, a direct verification reveals that
Aron-Berner regularity of trilinear maps. We are now preparing to present the main result of this section concerning the Aron-Berner regularity of a trilinear map (see Theorem 2.6). For this purpose, we need and provide the following lemmas which are also interesting by their own right.
By applying Proposition 2.1, it is not hard to check that all the six Aron-Berner extensions f σ⊛σ −1 : X
In the following lemma, we apply Lemma 2.4 to show that the Aron-Berner regularity of f is equivalent to coincidence of only certain extensions of f . We notice that there are eight triplets of permutations in S 3 with different values at 1, which are listed as follows: Proof. The necessity is clear from definition. For the sufficiency, according to the above comments, there are eight triples (τ, ρ, η) of permutations with different values at 1. We only give the proof for the triple (τ, ρ, η) = (σ 1 , σ 4 , σ 5 ). Suppose that f
We are going to show that
We are now ready to present the main result of this section characterizing the Aron-Berner regularity of a bounded trilinear map. Theorem 2.6. For every bounded trilinear map f : X 1 × X 2 × X 3 −→ Y , the following statements are equivalent: (a) f is Aron-Berner regular; (b) f admits a norm preserving extension F :
, it is enough to show that for every y * ∈ Y * , x * *
2 ). Now the conclusion follows from the fact that (c) holds if and only if h * * * is X * 3 -valued and T * * is X * 2 -valued, and the latter one is equivalent to the weak compactness of T. (c) ⇒ (a) Let (x 3α ) be a net in X 3 , w * -converging to x * * 3 in X * *
We now suppose that (x 2α ) is a net in X 2 , w * -converging to x * * 2 in X * *
We therefore get
Since the permutations in the triple (σ 0 , σ 3 , σ 4 ) have different values at 1, the mapping f is Aron-Berner regular by Lemma 2.5 and this completes the proof. Theorem 2.6 is actually a trilinear analogue of [29, Theorem 2.1] , where the Arens regularity of a bounded bilinear map is investigated. Wider information on Arens regularity of bilinear maps and Banach algebras can be found in [2, 12] (see, also, [29] ).
Remark 2.7. Let A be a Banach algebra, and let ✷ and ♦ denote the first and second Arens products on A * * , respectively. According to [13, Definition 2.17] , the (associative) topological centers of A * * are Z
t (A * * ) = {m ∈ A * * : ·✷m = ·♦m } . Both topological centers are norm-closed subalgebras of (A * * , ✷) and (A * * , ♦), both contain A itself. Furthermore A is Arens regular if and only if either Z 
t (A * * ) = A * * . Based on Lemma 2.5 and inspired by the above definition of topological centers for associative Banach algebras, to explore the separate w * -continuity of the extension f σ⊛σ −1 of a bounded trilinear mapping in more extent, we define the corresponding topological centers. Let us fix j ∈ {1, 2, 3}. For each 3-tuple (σ, τ, ρ) ∈ S 3 attaining different values at 1 with σ(1) = j, we define the jth (σ, τ, ρ)-topological center Z j σ,τ,ρ (f ) of a trilinear mapping f : X 1 ×X 2 ×X 3 −→ Y as follows:
for every σ, ρ, τ under the above conditions. It is easy to verify that Z j σ,τ,ρ (f ) is a closed subspace of X * * σ(1) = X * * j . We can conclude from Lemma 2.5 that, for a 3-tuple (σ, τ, ρ) satisfying the above assumptions, the equality Z j σ,τ,ρ (f ) = X * * j is equivalent to the Aron-Berner regularity of f, and that, in this desirable case, we also have
attaining different values at 2 and at 3, respectively, with σ ′ (1) = k and σ ′′ (1) = l. Similar notions of "topological centers" for a bilinear mapping and for the product of an associative Banach algebra were extensively discussed in the literature of Banach algebras (see, for example, [12, 13] and references therein). We shall return to the notion of topological center of certain triple maps in Example 3.3, where we shall illustrate that the topological centers for trilinear maps exhibit a different behavior than the one we have for associative topological centers.
Before proceeding with an applicable consequence of Theorem 2.6, we recall that a bounded linear map T : X −→ Y is weakly compact if and only if the second adjoint, 
is an arbitrary surjective bounded linear map, is nonweakly compact, while its Aron-Berner extension (or actually, its Arens extension [2] ) h * * * is ℓ 1 -valued (see aso [7] ). For further information concerning multilinear maps whose Aron-Berner extensions are Y -valued, the reader can consult [5, 18, 32] . To prove Theorem 2.9, we need the following lemma.
Lemma 2.8. If every bounded linear map from X i , (i = 1, 2), into Y is weakly compact, then the Arens extension(s) of every bounded bilinear map from
Proof. For a bounded bilinear map h : X 1 × X 2 −→ Y , satisfying the hypotheses of the lemma, the bounded linear map
Again by the assumption, the bounded linear map · → S = h * * * (·, x * * 2 ) : X 1 −→ Y is weakly compact, which forces h * * * (x Proof. Since all bounded linear maps X 1 −→ X Remark 2.10. One can compare Theorem 2.9 with the quoted result by Bombal and Villanueva. Theorem 1 in [7] proves the following: Let X 1 , . . . , X k , and X be Banach spaces satisfying that for each i = j in {1, . . . , k} every bounded linear operator from X i into X * j is weakly compact (this condition is satisfied whenever X 1 , . . . , X k have property (V ) of Pelczyński, in particular when every X i is a C * -algebra [33, Corollary 6] or a JB * -triple [11] ). Then every multilinear map f :
to Y * * . Consequently, f is Aron-Berner regular by Theorem 2.6. A careful look, however, shows that the proof of Theorem 2.9 is a bit simpler. The same holds for multi-sesquilinear maps. In the case of JB * -triples the hypotheses can be also derived from [10, Lemma 5] and in the setting of real JB * -triples from [31, Lemma 5] .
A Banach space X is called regular if every bounded linear map from X into X * is weakly compact (see [25] ). As we have mentioned in the above remark, Banach spaces having property (V ) of Pelczyński, in particular C * -algebras and JB * -triples, are the main examples of regular Banach spaces.
As an immediate consequence of Theorem 2.9 we present the following result.
Corollary 2.11. Every bounded trilinear map on a regular normed space is Aron-Berner regular. More precisely, if X is regular, then every bounded trilinear map f : X × X × X −→ X is Aron-Berner regular.
Biduals of Jordan Banach triple systems and JB * -triples
We first recall some basic notions and include some auxiliary results on Jordan Banach triple systems and JB * -triples. Let E be a complex (respectively, real) linear space. A complex (respectively, real) triple product on E is a mapping
which is bilinear and symmetric in the outer variables and conjugate linear (respectively, linear) in the middle one, satisfying the so-called Jordan identity
The pair (E, π) is called a Jordan triple system. If E is a (real or complex) Banach space and the triple product is jointly continuous then the pair (E, π) is called a Jordan Banach triple system. A JB * -triple is a complex Jordan Banach triple system E satisfying the following axioms:
• For any a in E, the mapping · → {a, a, ·} is a Hermitian operator on E with nonnegative spectrum; • {a, a, a} = a 3 for all a in E.
A Jordan Banach triple system E is called abelian if the identity
is satisfied. In view of the Jordan identity (5), however, the foregoing identity (6) is equivalent to the identity {a, b, {c, d, e}} = {a, {b, c, d}, e}.
A subtriple of a Jordan Banach triple system E is a subspace F of E satisfying {F, F, F } ⊆ F . For the sake of convenience, in the rest of the paper, we will be dealing with complex Jordan Banach triple systems.
For example, every Banach * -algebra is a Jordan Banach triple system with respect to the triple product {a, b, c} = A JB * -triple which is a dual Banach space is called a JBW * -triple. It is well known that the triple product of a JBW * -triple is separately w * -continuous [6] (this conclusion also holds for real JB * -triples, see [28] ). We refer the readers to [34] and [9] for the basic background on Jordan Banach triple systems and JB * -triples.
3.1. Aron-Berner triple products on the bidual of Jordan Banach triple systems. Let E be a Jordan Banach triple system equipped with the triple product π = {·, ·, ·} : E × E × E → E. Following the procedure described in subsection 2.1, we can find six, generally different, norm preserving extensions of π to E * * × E * * × E * * defined by π 0 = π * * * * , π 1 = π σ 1 * * * * σ 1 , π 2 = π σ 2 * * * * σ 2 , π 3 = π σ 3 * * * * σ 3 , π 4 = π σ 4 * * * * σ 5 , and π 5 := π σ 5 * * * * σ 4 ,
in which, for the sake of conjugate linearity in the middle variable of each item, we used the conjugate adjoint " * " instead of the usual adjoint " * " in some stages. Indeed, in the case when f : X × X × X −→ X is a continuous map which is conjugate linear in the third variable, we define the conjugate transpose f * :
It is worthwhile mentioning that, taking conjugation does not affect the w * -continuity of the extensions presented in (7), and they enjoy the same w * -continuity property as described in Proposition 2.1. We can consider by this procedure multi-sesquilinear maps.
Following Definition 2.2, we say that a Jordan Banach triple system (E, π) is Aron-Berner regular if all the six extensions of π presented in (7) coincide on E * * × E * * × E * * . In Example 3.2 below we shall exhibit a Jordan Banach triple system which is not Aron-Berner regular; however, in the more favorable setting of JB * -triples, a consequence of Corollary 2.11 proves the next result. It should be remarked that, not only the triple product of a JB * -triple is Aron-Berner regular, but also every multi-sesquilinear map on a JB * -triple is Aron-Berner regular.
Let (E, π) be a Jordan Banach triple system. Our main objective in the rest of this section is to find sufficient conditions to guarantee that the bidual, E * * , of E is a Jordan Banach triple system when it is equipped with some of the triple extensions π i for i ∈ {0, . . . , 5}. For this purpose, we first note that, by construction, each of the assignments π i : E * * ×E * * ×E * * → E * * in (7) is bilinear in the outer variables and conjugate linear in the middle one. However, as our next example shows, π i is not, in general, symmetric in the outer variables. The construction exhibited here is based on the well-known fact that the bidual of a commutative Banach algebra need not be, in general, commutative, and it is the case if and only if the original algebra is Arens regular (see [2] ).
Example 3.2. Let E be a commutative unital Banach * -algebra which is not Arens regular (e.g., the convolution group algebra (ℓ 1 (Z), * ), see [12, Examples 2.6.22]). Since E is commutative, it is easy to check that m✷n = n♦m, for all m, n ∈ E * * , where ✷ and ♦ stand for the first and second Arens products, respectively. Since E is not Arens regular ✷ and ♦ are not commutative (see [2] or [12, comments after Corollary 2.6.18]).
Then E can be viewed as a Jordan Banach triple system equipped with the triple product π(a, b, c) = ab * c. A direct verification, applying that ✷ and ♦ are associative (cf. [12, Proposition A.3.53]), reveals that for every m, n, p ∈ E * * we have
where n * stands for the involution of n naturally induced by the involution of E, via the assignments: n * , φ := n, φ * and φ * , a := φ, a * for a ∈ E, φ ∈ E * . For example, let us take, via Goldstine's theorem, three nets (m α 1 ), (n * α 2 ) and (p α 3 ) in E converging in the w * -topology of E * * to m, n, p ∈ E * * , respectively. Since the mappings ·✷m, a✷·, m♦·, and ·♦a are w * -continuous for all m ∈ E * * , a ∈ E, it can be easily seen that
and so on for the other identities. We thus conclude that (a) (E, π) is not Aron-Berner regular, indeed π 0 = π 2 . Namely, having in mind that E is unital and ✷ is not commutative, we can find m, p ∈ E * * with π 0 (m, 1, p) = m✷p = p✷m = m♦p = π 2 (m, 1, p); (b) π 0 does not obey the Jordan identity. To clarify this, we examine the Jordan identity (5) with m, n ∈ E * * instead of a, b, and 1 (=the identity of E) for the other components c, d, e. Since (x✷y) * = y * ♦x * , the Jordan identity holds if and only if m✷n * = n * ✷m, and this is not the case, because E is not Arens regular as a Banach algebra. The same conclusion applies to π 1 , π 2 , π 3 , π 4 and π 5 ;
(c) Neither of π 0 , π 1 , π 2 , π 3 , π 4 nor π 5 is symmetric in the outer variables; (d) In this example π 0 (m, n, p) = π 2 (p, n, m), π 1 (m, n, p) = π 4 (p, n, m), and π 3 (m, n, p) = π 5 (p, n, m) for all m, n, p ∈ E * * . 
respectively, where Q is a contractive projection on B(ℓ ∞ ) defined in the following way: given a ∈ B(ℓ ∞ ) we set Let f : A × A × A → A be the trilinear mapping defined by f (a, b, c) = abc. In this case
and Z
We deduce from the arguments in Example 3.2 that
Combining these expressions with (8) we derive that m ∈ Z 1 σ 0 ,σ 2 ,σ 3 (f ) if and only if mnp = Q(Q(m)n)p = Q(m)np, for all n, p ∈ B(ℓ ∞ ). Taking n = 1 we get mp = Q(m)p for all p, and hence Q(m) = m. Back to the previous identity we get mQ(n)p = Q(m)Q(n)p = Q(Q(m)n)p = Q(m)np = mnp for all n, p, which implies that mQ(n) = mn for all n. Taking any x 0 ∈ ℓ ∞ , Γ ∈ ℓ * ∞ with Γ| c 0 = 0, and setting n = x 0 ⊗ Γ ∈ B(ℓ ∞ ), we have Q(n) = 0, and thus m(x 0 ) = 0, for all x 0 . We have shown that Z 1 σ 0 ,σ 2 ,σ 3 (f ) = {0}. An element n ∈ Z 2 σ 0 ,σ 1 ,σ 3 (f ) if and only if mnp = Q(m)np = mQ(n)p, for all m, p ∈ B(ℓ ∞ ). The case p = 1 = m gives Q(n) = n, while p = 1 now implies mn = Q(m)n = mQ(n), equivalently, n(ℓ ∞ ) ⊆ c 0 . It is not hard to see that
where the last equality is explicitly proved in [13, (6.10) We have shown that Z
(f ). For x = (x n ) ∈ c 0 , we set x := (x n ), and we define an involution on A = K(c 0 ) given by a ♯ (x) = a(x) (a ∈ A = K(c 0 )). We equip A with a structure of Jordan Banach triple system under the triple product
It is not hard to see that
The arguments in the previous paragraphs can be applied to deduce that
and
We have seen in the previous example that contrary to the usual properties of the associative topological centers, the first topological center of a trilinear mapping (or of a triple product) may be zero. In this extreme case we say that f is "strongly Aron-Berner irregular of type 1". In particular, for the Jordan Banach triple system (A, π) defined at the end of the previous example Z 1 σ 0 ,σ 2 ,σ 3 (π) need not contain A. To avoid this strange behaviour, one feels tempted to define topological centers for trilinear maps via Lemma 2.4 instead of Lemma 2.5 as principal motivation. For σ ∈ S 3 , the alternative σ-topological centers of a trilinear operator f :
) and f σ⊛σ −1 (x σ(1) , ·, x * * σ(3) ) are w * -continuous for every x σ(1) ∈ X σ(1) and x * * σ(2) ∈ X * * σ (2) .
It is easy to verify that Z j σ (f ) is a closed subspace of X * * σ(j) containing X σ(j) (cf. Lemma 2.4). However these alternative topological centers are not conclusive to measure the Aron-Berner regularity of f . For example, for σ = σ 0 and the mapping f in the first part of this example we have
and f ⊛ (a, ·, p) are w * -continuous for every a ∈ A and n ∈ A * * = p ∈ A * * : ·✷n✷p and a✷ · ✷p are w * -continuous for every a ∈ A and n ∈ A * * = A * * , but f ⊛ is not separately weak * -continuous.
The, a priori different, norm preserving Arens extensions (i.e. ✷ and ♦) associated with the binary product of an associative Banach algebra A are always associative (see [12, Proposition A.3 .53]). That is, the associative property lifts from A to (A * * , ✷) and (A * * , ♦). In Jordan triple systems the role of associativity is somehow played by the Jordan identity. Let (E, π) be a Jordan Banach triple system. We are naturally led to ask whether (E * * , π i ) satisfies the Jordan identity for some (all) i ∈ {0, . . . , 5}. We have seen in the previous example that, in general, the Jordan identity does not lift from (E, π) to (E * * , π i ).
Proposition 3.4. Let (E, π) be a Jordan Banach triple system. If (E, π) is Aron-Berner regular. Then (E * * , π i ) is a Jordan Banach triple system for each i ∈ {0, 1, . . . , 5}.
Proof. It follows from Theorem 2.6 and Remark 2.3 that for each i ∈ {0, 1, . . . , 5} the extension π i : E * * × E * * × E * * → E * * is separately weak * -continuous. Since π i | E 3 = π and the latter satisfies the Jordan identity (5), an iterated process taking consecutive weak * -limits on the variables proves that π i satisfies the Jordan identity. The same argument implies that π i is symmetric in the outer variables, and hence (E * * , π i ) is a Jordan Banach triple system.
Combining the above proposition with Corollary 3.1, one can deduce that the bidual, E * * , of a JB * -triple (E, π) is Jordan Banach triple system under each Aron-Berner triple product. The celebrated Dineen's theorem (see [16] ) actually proves a stronger conclusion by showing that E * * is a JB * -triple under an appropriate triple product. A finer analysis developed by Barton and Timoney concludes that E * * is a JB * -triple whose triple product (denoted by π) extends that on E and is separately weak * -continuous (see [6, Theorem 1.4] ). The arguments in Remark 2.3 imply that π = π i for all i = 0, . . . , 5, consequently, we have the following fact recasting Dineen-Barton-Timoney theorem in the language of Aron-Berner triple products. Theorem 3.5. Every JB * -triple E is Aron-Berner regular and its bidual, E * * , equipped with the triple product provided by the unique Aron-Berner extension of the triple product of E, is a JB * -triple.
Although a particular extension π i need not be symmetric in the outer variables, the AronBerner extensions enjoy certain symmetry whenever we mix the six different extensions. We shall show next that the identities exhibited in Example 3.2(d) are a pattern satisfied by the triple product of every Jordan Banach triple system. Proposition 3.6. Let (E, π) be a Jordan Banach triple system. Then for every m, n, p ∈ E * * , we have
Furthermore, if π 0 is symmetric in the outer variables then π
Proof. Let (m α 1 ), (n α 2 ), and (p α 3 ) be bounded nets in E, w * -converging to m, n, and p, respectively.
Using (3) or Proposition 2.1, we have
The remaining equalities follow by similar arguments. Suppose now that π 0 is symmetric in the outer variables; then by the previous part, π 0 = π 2 . On the other hand, since by Lemma 2.4(c),
and the second identity in (9) implies that π 0 = π 1 . In particular, π 1 is symmetric in the outer variables and so is equal to π 4 . We have therefore shown that π
Let (E, π) be a Jordan Banach triple system. We shall next explore when (E * * , π i ) satisfies the Jordan identity (5).
Theorem 3.7. Let (E, π) be a Jordan Banach triple system. Then the extension π 0 : E * * × E * * × E * * → E * * (equivalently, π 2 ) is symmetric in the outer variables if and only if (E * * , π 0 ) (equivalently, (E * * , π 2 )) is a Jordan Banach triple system.
Proof. The if implication is clear; let us assume that the extension π 0 is symmetric in the outer variables. It follows from Proposition 3.6 that π 0 = π 2 . We shall prove that π 0 satisfies the Jordan identity.
The basic properties of the Aron-Berner extensions assure that the mappings π 0 (·, n, p), π 0 (a, ·, p) and π 0 (a, b, ·) are weak * -continuous for all n, p ∈ E * * , a, b ∈ E (cf. Proposition 2.1). Since π 0 is symmetric in the outer variables, we also deduce that the mappings π 0 (p, n, ·) and π 0 (p, ·, a) are weak * -continuous for all n, p ∈ E * * , a ∈ E. Let us pick five points m, n, x, y, z ∈ E * * and five bounded nets (m α 1 ), (n α 2 ), (x α 3 ), (y α 4 ), and (z α 5 ) in E converging in the w * topology of E * * to m, n, x, y, and z, respectively. By the Jordan identity in E we have
+π(x α 3 , y α 4 , π(m α 1 , n α 2 , z α 5 )), for all α 1 , α 2 , α 3 , α 4 and α 5 . Since the maps π
, and π 0 (x α 3 , y α 4 , π(·, n α 2 , z α 5 )) are weak * -continuous, by taking w * -limits in α 1 we get
for all α 2 , α 3 , α 4 , and α 5 . Having in mind that
, and π 0 (x α 3 , y α 4 , π 0 (m, ·, z α 5 )) are weak * -continuous, by taking w * -limits in α 2 we deduce that
for all α 3 , α 4 , and α 5 . Now, applying that π 0 (m, n, π
, and π 0 (x α 3 , ·, π 0 (m, n, z α 5 )) are weak * -continuous and taking w * -limits in α 4 we obtain
for all α 3 , and α 5 .
In the penultimate step we observe that the maps π 0 (m, n, π
, and π 0 (x α 3 , y, π 0 (m, n, ·)) are weak * -continuous, so by taking w * -limits in α 5 in the latest identity we derive at
for all α 3 . Finally, taking weak * -limits in α 3 we have
witnessing that π 0 satisfies the Jordan identity.
Our next example illustrates the optimality of Theorem 3.7.
Example 3.8. As in Example 3.2, let E be a commutative complex Banach * -algebra which is not Arens regular, and let ✷ and ♦ denote the different Arens extensions of the product of E. Let us consider the triple product on E defined by π(x, y, z) = φ(xy * )z + φ(zy * )x (x, y, z ∈ E), where φ is a functional in E * satisfying φ(x * ) = φ(x), for all x ∈ E. It is not hard to check that, by applying (3) or Proposition 2.1, we have
for all m, n, p ∈ E * * . Clearly, the extensions π 0 and π 2 are not, in general, symmetric in the outer variables, while π 1 = π 4 and π 3 = π 5 are symmetric in the outer variables. It is a bit laborious to check that π 1 and π 3 do not satisfy the Jordan identity. For example, the identity
holds if and only if φ(m✷n * ) = φ(n * ✷m), and the latter identity does not hold, in general, as E is not Arens regular.
Remark 3.9. (i) By mimicking the proof of the fact that the bidual of a C * -algebra is itself a C * -algebra (see [36, Section III.2] and [12, Theorem 3.2.36]), one may feel tempted to provide the same direct proof for Theorem 3.5 but not based on the results proved by Dineen, Barton and Timoney which were built on holomorphic theory and ultraproducts techniques. This opens the door to an argument not based on holomorphic theory.
(ii) One can also extend the triple product of a JB * -triple (E, π) to the (2n)-dual, E (2n) , where π
[n] is inductively defined by the formulae π
) is a again a JB * -triple for each n ∈ N and the triple product π
[n] is separately w * -continuous. Niazi, Miri, and the second named author [30] used the extension π
[n] and some related module operations for investigating the n-weak amenability of the bidual of a JB * -triple.
3.2. Aron-Berner triple products versus ultrapower triple products. We have already commented that, beside the Aron-Berner extensions (see (7)), there is an alternative method to extend the triple product of a Jordan Banach triple system (E, π) its bidual, which relies on the so-called principle of local reflexivity [19, Proposition 6.6] , based on an analysis of finitedimensional subspaces of the second dual of a Banach space. This result implies the existence of an ultrafilter U such that the bidual E * * can be isometrically embedded into the ultrapower E U of E, via a map J : E * * −→ E U such that J(E * * ) is the range of a contractive projection on E U and the restriction of J to E is the canonical embedding of E into E U (see [16, Proposition 5] and [19, Proposition 6.7] ).
More concretely, let U be an ultrafilter on a nonempty set I, and let {X i } i∈I be a family of Banach spaces. The symbol ℓ ∞ (I, X i ) = ℓ ∞ (X i ) will stand for the Banach space obtained as the ℓ ∞ -sum of the family {X i } i∈I , while
The ultraproduct of the family {X i } i∈I relative to the ultrafilter U, denoted by (X i ) U , is defined as the quotient Banach space ℓ ∞ (X i )/c 0 (X i ) equipped with the quotient norm. Given an element [
independently of the representative of [x i ] U . If all the spaces in the family {X i } i∈I coincide with a Banach space E, then we speak of an ultrapower, denoted by E U . Every Banach space E can be isometrically embedded into its ultrapower via the mapping J :
If we assume that E is a Jordan Banach triple system with respect to the triple product π, then ℓ ∞ (E i ) and the ultrapower E U become Jordan Banach triple systems with respect to pointwise triple product and
respectively. If we further assume that {E i : i ∈ I} is a family of JB * -triples, the Banach space ℓ ∞ (E i ) is a JB * -triple with pointwise triple product (see [22, p. 523] or [9, Ex. 3.1.4]), and I = c 0 (E i ) is a closed triple ideal of ℓ ∞ (E i ) (i.e. {E, E, I} + {E, I, E} ⊆ I). Therefore, the quotient (E i ) U = ℓ ∞ (E i )/c 0 (E i ) is a JB * -triple (see [22] or [9, Corollary 3.1.18]).
One of the key results in the theory of ultrapowers is the following result due to Heinrich (see [19, Proposition 6.7] ): For each Banach space E there exist an ultrafilter U and an isometric embedding J of E * * into E U satisfying:
(a) The restriction of J to E is the canonical embedding of E into E U ;
(ii) Let us fix a ∈ E, n ∈ E * * and a bounded net (p γ ) in E w * -converging to p. It follows from (i) and Proposition 2.1 that w * -lim γ π U (a, n, p γ ) = w * -lim γ π 1 (a, n, p γ ) = π 1 (a, n, p).
Statement (iii) is a consequence of (ii) and Proposition 2.1. To prove (iv), suppose that π U is w * -continuous in the first (and by symmetry, in the third) variable. Let m, n, p ∈ E * * , and let (m α ), (p γ ) be bounded nets in E, w * -converging to m, p, respectively. Then by applying (iii) and the hypothesis on π U we get π U (m, n, p) = w * -lim We thus deduce that π U = π 1 . It follows that π 1 is symmetric in the outer variables and thus, by Proposition 3.6, we have π U = π 1 = π 4 .
In the following example we compare triple products on the bidual of a Jordan Banach triple system obtained by Aron-Berner extensions with those obtained by ultrapower techniques.
Example 3.11. The construction developed in this section can be also done for an ultrafilter V on an index set I satisfying the property of the local reflexivity principle, that is there exists an isometric embedding J of E * * into E V satisfying the following properties: (a) the restriction of J to E is the canonical embedding of E into E V ; (b) If J(a) = [a i ] V with a ∈ E * * , then w * -lim V (a i ) = a. Following Example 3.2, let E be a non Arens regular, unital commutative Banach * -algebra (namely, the convolution group algebra (ℓ 1 (Z), * )). Then the Jordan Banach triple system (E, π), where π(a, b, c) = ab * c, is not Aron-Berner regular. Let V be any ultrafilter satisfying the property of the local reflexivity principle. By applying (10), we deduce that the extension π V is symmetric in the outer variables. But this is not the case for none of π i as it is explored in Example 3.2. Thus we have π V = π i for every i = 0, . . . , 5. Hence, by part (iv) of Proposition 3.10, π V is not w * -continuous in the first variable. Therefore, there is no ultrafilter V satisfying the property of the local reflexivity principle such that the ultrapower extension π V of π is w * -continuous in the first variable; see also Remark 2.3. We do not know if (E * * , π V ) is a Jordan Banach triple system for some such an ultrafilter V.
Let E = ℓ 1 (N). Then E equipped with pointwise product is a commutative Banach * -algebra which is Arens regular and an ideal in its bidual (for details, see [17, Example III.1] and/or [12, Example 2.6.22 (iii)]). Then E can be viewed as an abelian Jordan Banach triple system with triple product π(a, b, c) = {a, b, c} = ab * c, (see (6)). Then the Arens regularity of the Banach algebra E implies that (E, π) is Aron-Berner regular; indeed, for each i = 0, . . . , 5, we have π i (m, n, p) = m✷n * ✷p for every m, n, p ∈ E * * . In particular, it is symmetric in all of its variables on E * * sa . Suppose that V is an ultrafilter satisfying the property of the local reflexivity principle and such that π V is not separately w * -continuous (note that the existence of such an ultrafilter for ℓ 1 (N) is guaranteed by [17, Example III.1.3]). We do not know if in this case (E * * , π V ) satisfies the Jordan identity.
An element e in a Jordan Banach triple system (E, π) is called tripotent if π(e, e, e) = e. To simplify the notation, given a, b ∈ E we write L(a, b) for the linear mapping defined by L(a, b)(x) = L π (a, b)(x) = π(a, b, x) (x ∈ E). We shall denote by Q(a, b) = Q π (a, b) the conjugate linear map given by Q π (a, b)(x) = π(a, x, b). We shall write Q(a) = Q π (a) for Q π (a, a).
It is known (see [9, page 32] or [27, Theorem 3.13] ) that each tripotent e in a Jordan Banach triple system E induces a decomposition (called the Peirce decomposition) of E as the direct sum of the eigenspaces of the mapping L π (e, e), that is,
